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LOCALIZATION OF u-MODULES. I. 
INTERSECTION COHOMOLOGY OF REAL ARRANGEMENTS 

MICHAEL FINKELBERG AND VADIM SCHECHTMAN 



1. Introduction 



Q ■ This paper is the first in a series. The main goal of the series is to present a geometric 

^ ! construction of certain remarkable tensor categories arising from quantum groups corre- 

W I sponding to the value of deformation parameter q equal to a root of unity, cf . ||AJS|| , these 



On ' categories playing an important role in Lusztig program. 



1.1. Let A be a complex affine space, Ti a finite collection of hyperplanes in A. We 



O ■ suppose that all H E H are given by real equations, and denote by H^ C H the subspace 

Jjf^ . of real points. An arrangement Ti induces naturally a stratification of A denoted by S-h 

(for precise definitions see section 2 below). The main goal of this paper is the study of 
the category J^^A^Sn) of perverse sheaves (of vector spaces over a fixed ground field) 
over A which are smooth along Sn- 



^ [ In section 1 we collect topological notations and known facts we will need in the sequel. 

-4— > , 

p ■ Section 2. To each object M. E J^{A]Sn) we assign "a linear algebra data". Namely, 

O . for each facet of 7i — i.e. a connected component of an intersection of some -^r's — we 

define a vector space ^f{A4)] if F is contained and has codimension 1 in the closure of 
another facet E, we define two linear operators between ^p{J^) and ^e{-M.) acting in 
^ ■ opposite directions. These data contain all information about A4 we need. 

H ; 

5^ I In fact, it is natural to expect that the sheaf Ai may be uniquely reconstructed from the 

linear algebra data above (one can check this in the simplest cases). 

The spaces ^f{-M) are defined using certain relative cohomology. They are similar to a 



construction by R. MacPherson (see ||B2|| ). The spaces ^f{M.) are analogous to functors 
of vanishing cycles. 

The main technical properties of functors Ai ^-^ $jf(A^) are (a) commutation with Verdier 
duality, and (b) exactness. In fact, (b) follows from (a) without difficulty; the proof of 
(a) is the principal geometrical result of this paper (see Theorem p3|) . Actually, we prove 
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a more general statement concerning all complexes smooth along S-}^. This is a result of 
primary importance for us. 

Using these linear algebra data, we define an exact functor from A4{A] S-h) to complexes 
of finite dimensional vector spaces computing cohomology i?r(A;«), see Theorem p.l4 



This is the main result we will need below. The idea of constructing such functorial 
complexes on categories of perverse sheaves (quite analogous to the usual computation 
of singular cohomology using cell decompositions) is due to A. Beilinson, ||B1| |. It was an 
important source of inspiration for us. 

A similar problem was considered in [^. 

In section 3 we present explicit computations for standard extensions of an arbitrary 
one-dimensional local system over an open stratum. The main result is the computation 



of intersection cohomology, see Theorem 4.17. In our computations we use some simple 



geometric ideas from M. Salvetti's work, [pal . However, we do not use a more difficult 
main theorem of this paper. On the contrary, maybe our considerations shed some new 
light on it. 

1.2. The idea of this work appeared several years ago, in some discussions with Helene 
Esnault and Eckart Viehweg. We use this occasion to express to them our sincere grati- 
tude. We are also very grateful to Paul Bressler for a stimulating discussion. We thank 
Kari Vilonen for pointing out an error in an earlier version of the manuscript. We are 
greately indebted to D. Kazhdan for his constant encouragement and attention to the 
work. 

2. Topological preliminaries 

In this section we introduce our notations and recall some basic facts from topology. Main 
references are [ KS|| , [ BED ]. 



2.1. Throughout the paper, all our topological spaces will be locally compact, in par- 
ticular Hausdorff. {pt} will denote a one-point space. For a topological space X, 
ax '■ X — > {pt} will be the unique map. If F C X is a subspace, Y will denote 
the closure of Y . 

Throughout this chapter we fix an arbitrary ground field B. A vector space will mean a 
vector space over B. For a finite dimensional vector space V , V* will denote a dual space. 
V]JU will denote a category of vector spaces. 

A sheaf will mean a sheaf of vector spaces. For a topological space X, S{{X) will denote a 
category of sheaves over X, V*{X) will denote the derived category of S{{X), * = +,—,b 
or will have the usual meaning. 

For p E Z, V~^{X) C V{X) will denote a full subcategory of complexes K. with W{}C) = f 
for all i > p. 



If A,B are abelian categories, we will say that a left exact functor F : V*{A) — > V{B) 
(* = +, — , 6 or 0) has cohomological dimension < r, and write cd{F) < r, ii H'^{F{A)) = 
for any A E A and i > r. (Left exactness here means that H'^{F{A)) = for i < 0). 

2.2. Let / : X — > F be a continuous map. We will use the following notations for 
standard functors. 

/* : V{y) — ^ V{X) — the inverse image; f^ : V+{X) — ^ V+{y) — (the right derived 
of) the direct image; /; : V~^{X) — > V^{y) — (the right derived of) the direct image 
with proper supports; /' : V~^{y) — > V^{X) — the right adjoint to f\ (defined when /; 
has finite cohomological dimension), see ||KS|| , 3.1. 

We will denote the corresponding functors on sheaves as follows: /* ■.S{{y) — > S{{X)] 7l'{^ 

s{{x) -^ s{{y); 7^'{, : s{{x) -^ s{{y). 

We will denote RT{X;-) := px*\ R^dX;-) := pxi- For /C G V+{X), ) G Z, we set 

h\x-k:) ■.= n\nT{x ;!€))■, n\{X;ic) ■.= n\nT^{x ■,!€)). 

For V G V]JU = S{{{ U}) we denote by Vx the constant sheai p^V. 

V 

If F is a subspace of X, we will use a notation iyx, or simply zy if X is understood, for 
the embedding Y "^ X. If F is open in X, we will also write jy instead of iy. 

For/C G P(A'), we will use notations /CIj; := )^,;t/C; RT{Y;IC) := 7^^(3^; /C|y), 7{>{y;IC) := 
ndy;]Cy),etc. 



2.3. We have functors 



RHli^ : V-{XpV X V+{X) — > V+{X), (1) 

^■.V-{X)xV*{X) — >V*{X) (2) 



where * =,—,b or 0; 



R Hom = RTo RHlt : V' {X) VV x V+ {X) — > V+ ( V] J U) (3) 

For ]C,C eV^{X) we have 

Hom25(A') (/C, C) = n'{n Hom(/C, C)) (4) 

We denote JC* := nHlHilC, Bx). 

2.4. Let X be a topological space, j : U — > X an embedding of an open subspace, 
i : Y — > X an embedding of the complement. In this case i^, = i\ and j' = j*. R^i^ and 
R'^j] are exact, so we omit i?° from their notation, ji is the functor of extension by zero. 
V is the right derived of the functor _R°r : S{{X) — > <S{{y) of the subsheaf of sections 



with supports in Y (in notations of [|KS|| , R r(F) = ry(F)) 
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Let /C G V^{X). We will use the following notations for relative cohomology: Rr{X, Y; /C) 

If Z '^->- y is a closed subspace, we have a canonical exact triangle 

'i'X-Y\^\x-y — ^ )x~z\^\x-z — ^ )y-z\^\y-z — *■ )x~y\^\x-y[oc)] (5) 

(of course, ix-y = ]) inducing a long cohomology sequence 

... — ^ H\x, Y- /c) ^ n\x, z- /c) — ^ n\y, z- iq ^ n>+^{x, y-iq^ ... 

(6) 

2.5. Let X be a topological space such that the functor i?rc(X; ■) has a finite cohomo- 
logical dimension. We define a dualizing complex: 

ujx := a-xB G V\X) (7) 

For K, G "D^A") we set DxfC = TZHllKIC, ujx) G V^{X). If there is no risk of confusion we 
denote D1C instead of DxIC. We get a functor 

D:V^{XpV — >V^{X) (8) 

which comes together with a natural transformation 

^dr,i(x) ^DoD (9) 

2.6. Orientations. (Cf. [ |KS|| , 3.3.) Let X be an n-dimensional C'^-manifold. We define 
an orientation sheaf OV x as the sheaf associated to a presheaf U ^—>- }lomz{H^{U; Z), Z). 
It is a locally constant sheaf of abelian groups of rank 1. Its tensor square is constant. 
By definition, orientation of X is an isomorphism OVx -—^ ^x- 

We have a canonical isomorphism 

cox ^^ OVx ®z B[\] (10) 

2.7. Homology. Sometimes it is quite convenient to use homological notations. Let 
F C X be a closed subspace of a topological space X {Y may be empty), K, G V^{X). 
We define homology groups as 

H,{x,Y-j'):=n\x,y-ry. 

These groups behave covariantly with respect to continuous mappings. 
Let 0" be a relative singular n-cell, i.e. a continuous mapping 

a : (D'^, SD") — > (X, Y) 
where, D"^ denotes a standard closed unit ball in M.^. We supply D^ with the standard 

o " 

orientation. Let D denote the interior of D". 



Suppose that a*K,\ „\ is constant. Then by Poincare duahty we have isomorphisms 

V 

iJ„(D", 9/^"; a*iq = n]{V ; a*IC*)* ^^ WiV ; a*IC). 

o " o " 

(recall that D is oriented). Thus, given an element s G H^{D ;IC), we can define a 
homology class 

d[a; s) := a,{s) e Hn{X,Y;IC). 
We will call the couple (a; s) a relative singular n-cell for /C. 
These classes enjoy the following properties. 

2.7.1. Homotopy. Let us call to cells (o"o; So) and (o"i, si) homotopic if there exists a map 

a : (D" X I, (9D" X /) — > (X, r) 
(where J denotes a unit interval) such that a*IC\a\ is constant, and a section 

D xJ 

o n 

seH°{D x/;a*/C) 
such that {a, s) restricted to D"' x {i} is equal to (o"j; Sj), i = 0, 1. 
We have 
(H) if (o"o; So) ^s homotopic to (cxi; Si) t/ien c/((Jo; Sq) = c/((Ti; Si). 

2.7.2. Additivity. Suppose D" is represnted as a union of its upper and lower half-balls 
D"" = D'^U D'i where D'l = {{xi, ... ,Xn) e D"] a;„ > 0} and D^ = {(xi, . . . ,a;„) e 
-D"| x„ < 0}. Let us supply D^ with the induced orientation. 

Suppose we are given a relative n-cell (a; s) such that o'(Z}"n-D2 ) '^ ^ ■ Then its restriction 
to D'^ gives us two relative n-cells (ctj; Si), i = 1, 2. We have 

(A) c/(o-; s) = c/((Ti; Si) + d{a2; S2). 

2.8. We will call a local system a locally constant sheaf of finite rank. 

Let X be a topological space, i : Y --^ X a subspace. We will say that /C G V{X) is 
smooth along Y if all cohomology sheaves iJ^(?*/C), G Z, are local systems. 

V 

We will call a stratification of X a partition X = U^g^ iS* into a finite disjoint of locally 
closed subspaces — strata — such that the closure of each stratum is the union of strata. 

We say that /C G V{X) is smooth along S if it is smooth along each stratum. We 
will denote by V*{X;S) the full subcategory of V*{X) (* = +,—,6 or 0) consisting of 
complexes smooth along S. 



MICHAEL FINKELBERG AND VADIM SCHECHTMAN 



2.9. Let us call a stratification 5 of a topological space X good if the following conditions 
from PKDl , 2.1.13 hold. 



(b) All strata are equidimensional topological varieties. If a stratum S lies in the closure 
of a stratum T, dimS* < dimT. 

(c) If i : S* ■— i> X is a stratum, the functor i* : V^{S) — > V^{X) has a finite cohomological 
dimension. If JF G S{{S) is a local system, ^^(JF) is smooth along S. 

Let S he a. good stratification such that all strata have even dimension. We will denote 
by A4{X; S) C V^{X] S) the category of smooth along S perverse sheaves corresponding 
to the middle perversity p{S) = — dim 5/2, cf. loc. cit. 



2.10. Let X be a complex algebraic variety. Let us call its stratification S algebraic if 



all strata are algebraic subvarieties. Following ||BBD|| , 2.2.1, let us call a sheaf JF g S{{X) 



constructible if it is smooth along some algebraic stratification. (According to Verdier, 
every algebraic stratification admits a good refinement.) We denote by VAX) a full 
subcategory of T)^(X) consisting of complexes with constructible cohomology. 

We denote by Ai{X) C ^|('^) the category of perverse sheaves corresponding to the 
middle perversity. It is a filtered union of categories A4{X;S) over all good algebraic 
stratifications S, cf. loc. cit. 



2.11. Let X be a complex manifold, / : X — > C a holomorphic map. Set Y = 
/-i(0), [/ = X - F, let i : y -^ X, j : [/ -^ X denote the embeddings. 

We define a functor of nearby cycles 

^s:V^{U)—^V\y) (11) 

as '^ f{]C) = ^{|*(/C)[— oo] where ipj is defined in ||KS[| , 8.6.1. 
We define a functor of vanishing cycles 



'^f:V^{X)^V^{y) (12) 



as (hf from loc. cit. 



2.12. Lemma. Let X be topological space, Y "-^ X a closed subspace, T G 5((A'). 
Then natural maps 

lim H'{U; J^) — > n^ {y; J^) , ) G Z, 

where U ranges through all the open neighbourhoods of U, are isomorphisms. 
Proof. See [^, 2.5.1, 2.6.9. □ 



2.13. Conic sheaves. (Cf. ||KS|| , 3.7.) Let ]R*+ denote the multiplicative group of positive 
real numbers. Let X be a topological space endowed with an ]R*"*'-action. 

Following loc.cit., we will call a sheaf JF over X conic (with respect to the given ]R*+- 
action) if its restriction to every ]R*+-orbit is constant. We will call a complex /C G V{X) 
conic if all its cohomology sheaves are conic. 

We will denote by S{k*+{X) C S{{X), V^.+ {X) C V*{X), *=[,+,- or 0, the fuU 
subcategories of conic objects. 

2.13.1. Lemma. Let U ^^ X be an open subset. Suppose that for every W~^-orbit 
O C X , O nU is contractible (hence, non-empty). Then for every conic /C e V~^{X) the 
restriction morphism 

RV{X-1C) — >nV{U;lC) 
is an isomorphism. 
Proof. See loc. cit., 3.7.3. □ 

3. Vanishing cycles functors 



3.1. Arrangements. Below we use some terminology from | |Sa| |. Let Ak be a real affine 



space Ak of dimension N, and TYr = {TYr} a finite set of distinct real affine hyperplanes 
in Air. Such a set is called a real arrangement. We pick once and for all a square root 

i = v^eC. 

Let A = Ak (8)k C denote the complexification of Ar, and Ti. = {H} where H := H^ (S)r C 
(A finite set of complex hyperplanes in a complex affine space will be called a complex 
arrangement) . 

We will say that Ti is central if ClHen H consists of one point. 

For a subset K. CH denote 

H,c= f] H; jcH= [j H, 

and 

Hr^ic = n Hr, /cHm. = U Hr- 

The nonempty subspaces H]^ and i^/cR are called complex and real edges respectively. Set 

o 

Hk = Hjc — UL, 

o 

the union over all the complex edges L C Hic, L ^ Hiq. We set Hrjq = Hr^ic fl Ar. 

o 

Connected components of Hr^jc are called facets of Hr. Facets of codimension (resp., 
1) are called chambers (resp., faces). 
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Let US denote by S-h a stratification of A wliose strata are all non-empty H/c- We will 

o 

denote by A^^^ a unique open stratum 

A'H = H(D = A-n H. 

In this Section we will study categories of sheaves T>{A; S-h) and A^(A; S-n). 
We will denote by iS?^, a stratification of A^ whose strata are all facets. We set 

o 

At^^r = Ak —n Hk. 
It is a union of all chambers. 

3.2. Dual cells, (cf. [pa|). Let us fix a point ^w on each facet F. We will call this set 
of points w = {^w} marking of our arrangement. 

For two facets F, E let us write F < E ii F G E and dim F < dim E. We will say that 
E is adjacent to F. We will denote by Ch(F) the set of all chambers adjacent to F. 

Let us call a flag a sequence oi q — p + 1 facets F = {Fp < Fp+i < . . . < Eg) with 
dim Fi = i. We say that Fp is the beginning and Eg the end of F. 

Let us denote by A a closed (g — p)-symplex with vertices ^^w, ... f"^ w. Evidently, 

Fa C Eg. 

Suppose we are given two facets Fp < Eg, dimFj = i. We will denote 

Df,<f. = U ^A, 



the sum over all flags beginning at Fp and ending at Eg. This is a (g — p)-dimensional cell 
contained in Eg. 

For a facet F let us denote 



CeCh(F) 



We set 



Sf '■= U De<c, 

E,C:F<E<C; 

the union over all facets E and chambers C. The space Sp is contained in Dp (in 
fact, in the defintion of Sp it is enough to take the union over all facets E such that 
dim E = dim F +1). If g = codim F, then Dp is homeomorphic to a g-dimensional disc 

o 

and Sp — to a (g — 1)- dimensional sphere, cf. |pa|| . Lemma 6. We denote Dp := Dp — Sp. 
We will call Dp a dual cell corresponding to F. 

o o 

We set Dp^c '■= Dp^c H Dp. 



3.3. Generalized vanishing cycles. Let K, E V^^A^Sn), F a p-dimensional facet. Let 
us introduce a complex 

$^(/C) :=7^^(P^,5^;/C)[- ] GPL( u) (13) 

V V 

This complex will be called a complex of generalized vanishing cycles of K at a facet F . 

Formally, the definition of functor $^ depends upon the choice of a marking w. However, 
functors defined using two different markings are canonically isomorphic. This is evident. 
Because of this, we omit markings from the notations. 

3.4. Transversal slices. Let F be a facet of dimension p which is a connected component 
of a real edge Mr with the complexification M. Let us choose a real affine subspace Lr 
of codimension p transversal to F and passing through ^w. Let L be its complexification. 

Let us consider a small disk L^ G L with the centrum at ^w = L fl M. We identify L^ 
with an affine space by dilatation. Our arrangement induces a central arrangement Tic 
in L,. Given /C G V^{K-Sn), define /C^ := Yc^lC[- ]. 

V 

3.4.1. Lemma. We have a natural isomorphism 

D{}Cc) ^ {VlC)c (14) 



Proof. Consider an embedding of smooth complex manifolds il : L — > A. Let us 
consider the following complexes: cu^/a := ^l-^a (cf. [[KS|| , 3.1.16 (i)) and OVc/a '■ = 
OVc ®z OVa- We have canonical isomorphism 

ujl/a^^OVc/aI-^ ,]®B. 

V 

The chosen orientation of C enables us to identify OVa and OVc, and hence OVc/a with 
constant sheaves; consequently, we get an isomorphism 

^L/A -^ B[-2p]. 
The canonical map 

rL}C^yiC(g)u;c/A (15) 

(cf. [|KS|] , (3.1.6)) is an isomorphism since singularities of /C are transversal to L (at least 
in the neighbourhood of ^w). Consequently we get an isomorphism i^K. ^^ )*}Cc[—E ]. 

V 

Now we can compute: 
QED. D 
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3.4.2. Lemma. We have a natural isomorphism 

$,.(/C)^$l^3}(/C£) (16) 

This follows directly from the definition of functors $. 

This remark is often useful for reducing the study of functors ^p to the case of a central 
arrangement. 

3.4.3. Lemma, li M e M{A;Sn) then Mc e M{C,;ShcJ. 
Proof follows from transversality of L^ to singularities of A^. □ 

3.5. Duality. Theorem. Functor $^ commutes with Verdier duality. More precisely, 
for every /C G P^A, 5-^) there exists a natural isomorphism 

^f{DIC) ^^ P$^(/C) (17) 

This is the basic property of our functors. 

3.6. 1-dimensional case. To start with the proof, let us treat first the simplest case. 
Consider an arrangement consisting of one point — origin — in a one-dimensional space 
A. It has one 0-face F and two 1-faces E± — real rays ]R>j/ and ]R<k. A marking consists 
of two points w± G E± and F. We set w± = ±1 (we pick a coordinate on A). 

For a positive r denote A<\ := {F G A| |F| < \}, S\ := i9A<^; A<\, A>\, etc. have 
an evident meaning. We also set A(v,\") := A>\' fl A<^//. A subscript M will denote 
an intersection of these subsets with A^. Evidently, Dp = A<ijz]g, S^ = Si^^r. Define 

One sees easily (cf. infra, Lemma p.7|) that one has isomorphisms 

$f(/c) = 7^^(A, §f; /c) ^^ 7^^(A, d^"; /c). (is) 

Let us choose real numbers e,r',r" such that 0<e<r'<l< r". Set Y := ei ■ D°p^ . 
Denote j := Ja-Sf- We have natural isomorphisms 

d^f{,k.) ^ I?7^^(A, §f; /c) ^ 7^^J (A; xro/c) 

(Poincare duality) 

= i?r(A, A> v; Xn*D/C) ^ 7^^(A, Y U A>v,; Xn*D/C) 
(homotopy). Consider the restriction map 

res:i?r(A,YUA>v';Xn*D/C) — ^ 7^^(A<v, Y n A<v; D/C) (19) 
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We claim that res is an isomorphism. In fact, Cone (res) is isomorphic to 

i?r(A, A<v U A>v' U Y; X^D/C) = 7^^J (A<v', A<v U Y; XTD/C) ^ 

^ Di?r(A<v' - (A<v u Y);:i!r/c) 
We have by definition 

/?r(A<v' - (A<v u Y); n.r/c) = 7^^(A(v,v') - y, §f; /c) 

On the other hand, evidently /C is smooth over A(\/^\//), and we have an evident retraction 
of A(\/^v') on Sf (see Fig. 1). Therefore, i?r(A(\/^^//) — Y, §f;A^) = ' which proves the 
claim. 

Or" 



Or' 



Y 



w__ 



lew^ 
-e- 



Wi 



Fig. 1 
A clockwise rotation by 7r/2 induces an isomorphism 

i?r(A<^/, Y n A<v; D/C) ^ 7^^(A<v, e ■ D^"; Dx:), 

and the last complex is isomorphic to ^f{DIC) by dilatation and (|l8|). This proves the 
theorem for ^p. The statement for functors ^e± is evident. 

Let us return to the case of an arbitrary arrangement. 



3.7. Lemma. Suppose that Ti is central. Let F be the unique 0- dimensional facet. 
The evident restriction maps induce canonical isomorphisms 

$i.(/c) ^ 7^^(AK,§F;/c) S7^^(A,§F;/c) ^ 7^^(A,D^";/c) S 7^^(AK,D^";/c) 

o 

w/iere D^^^ = Ar — Dp. 

Proof. Let us fix a coordinate system with the origin at F, and hence a metric on A. 
For e > let [/g C A^ denote the set of points x G Ar having distance < e from D^?. 



It follows from |2.12| that 

^FilC) = nViVr, Sr, /C) = lim 7^^(W„ 5^; /C). 
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On the other hand, from p.l3.1| it follows that restriction maps 

i?r(AM, §f; /C) -^ nT{U,, Sr, /C) 

are isomorphisms. This establishes an isomorphism (1). To prove (3), one remarks that 
its cone is acyclic. 

The other isomorphisms are proven by the similar arguments. We leave the proof to the 
reader. □ 



3.8. Proof of |3.5| . First let us suppose that Ti. is central and F is its 0-dimensional 
facet. We fix a coordinate system in A as in the proof of the lemma above. We have 
a decomposition A = Ak © D ■ Ar. We will denote by 3?, 3 : A — > Ar the evident 
projections. 

Let A<^, etc. have the meaning similar to the one- dimensional case above. Let us denote 
j := JA-§F- We proceed as in one-dimensional case. 

Let us choose positive numbers r', r", e, such that 

o 

eDp C A<v C Df C Df C A<^// 



Let us introduce a subspace 
We have isomorphisms 



Y = ef D"/" 



D^f{1C) ^VnT{A,Sr,JC) 



(by Lemma p.7|) 



^ i?r,(A; x^*D/c) ^ 7^^(A, a>v,; XTbic) ^ 7^^(A, y u a> v; xn*D/c) 

(homotopy). Consider the restriction map 

res : RT{A, Y U A>^,r,2J*B}C) — > 7^^(A<v, Y n A<v; D/C) (20) 

Cone (res) is isomorphic to 

RT{A, A< V U A> v U Y; XTD/C) = 7^^J (A< v, A< ^ U Y; X^D/C) ^ 

= DRT{A<^. - (A<v U Y); n.r/C) 
We have by definition 

/?r(A<v' - (A<v u Y);:i,r/c) =7^^(A(v,v") - y,§f;/c) 

3.8.L Lemma. Set AJj := Ar - {F}. VFe /iaw RT{A - D ■ Ar, AJ^; /C) = /. 
Proof. We have to prove that the restriction map 

i?r(A-n-A]R;/c) — ^7^^(A;;/c) (21) 

is an isomorphism. Consider projection to the real part 

vr : A-D- Am — > AL. 
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Evidently, 

RT{A - n • Ak; /C) = '}ZT{A'^, tt./C). 
On the other hand, since /C is conic along fibers of vr, we have 

7r*A^ > I A^ 

where e : A^ — > A — 11 ■ Ar denotes the embedding (cf. p.l3|) . This implies our lemma. 



n 

It follows easily that Cone (res) is acyclic, therefore the map res is an isomorphism. In 
other words, we have constructed an isomorphism 

D^f{IC) ^^ 7^^(A<v, Y n A<v; d/c). 

A clockwise rotation by 7r/2 induces an isomorphism 

i?r(A<v, Y n A<^r, D/C) ^ 7^^(A<v, e ■ D^"; D/C), 

and the last complex is isomorphic to $i?(-D/C) by dilatation and p.7| (3). 

This proves the theorem for ^p. Note that we have constructed an explicit isomorphism. 



3.8.2. If F is an arbitrary facet, we consider a transversal slice L as in |3.4| . By the results 
of loc.cit., and the above proven case, we have natural isomorphisms 

This proves the theorem. □ 

3.9. Theorem. For every M. E A^(A; Sn) o.nd every facet F we have H^{^f{-M)) = ' 
for alii ^ 0. 

In other words, functors ^p are t-exact with respect to the middle perversity. 

Proof. First let us suppose that Ti is central and F is its 0-dimensional facet. Let us 
prove that $^ is right exact, that is, if*($F(7W)) = / for z > and every M. as above. 

In fact, we know that 

3.9.1. if S is any stratum of Sn of dimension p then A4\s E V~ ^{S) 

by the condition of perversity. In particular, i?r(A; M) = )*yrM G T>-'{{ U}). 

V 

On the other hand, one deduces from |3Xl| that RT{Sf;M) G V^-'^d U}). In fact, 

V 

by definition Sf is a union of certain simplices A, all of whose edges lie in strata of 

positive dimension. This implies that RT{A;J\4\/\) G V-"°°{{ U}), and one concludes 

V 
by Mayer- Vietoris argument, using similar estimates for intersections of simplices. 

Consequently we have 

<^F{M) = 'JZT{A,Sr,M)eV^\{ u}), 

V 
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as was claimed. 



On the other hand by Duahty theorem p.5| we have an opposite inequahty, which proves 
that ^F is exact in our case. 

The case of an arbitrary facet is reduced immediately to the central one by noting that an 
operation of the restriction to a transversal slice composed with a shift by its codimension 
is t-exact and using (|TB|). The theorem is proved. □ 

3.10. By the above theorem, the restriction of functors ^p to the abelian subcategory 

M{A,Sn) lands in subcategory V]JU C V{{ U}). 

V 

In other words, we get exact functors 

^F-M{A,Sn) — ^VIJU (22) 

These functors commute with Verdier duality. 
We will also use the notation Jlijr for ^p{A4). 

3.11. Canonical and variation maps. Suppose we have a facet E. Let us denote by 
J='-\\'^{£) the set of all facets F such that E < F, dim F = dim E + 1. We have 

Se= U Dp (23) 

P(zJ^-\]^{£) 

Suppose we have K. G V{A,S'h)- 

3.11.1. Lemma. We have a natural isomorphism 

RTiSp, U Sp; /C) = ©^e^^Joo^7^^(P^, Sr, K,) 
Fe.FHJ°°(£:) 

o 

Proof. Note that Sp — V}p^j^^\^{£)Sp = [Jf£J^-\\^{£) ^f (disjoint union). The claim 
follows now from the Poincare duality. □ 

Therefore, for any F G J-'-\\^{S) we get a natural inclusion map 

t^:RT{Dp,Sp;IC)^nT{Se, (J S^r,IC) (24) 

Let us define a map 

uf(/c):<i>^(;c)^<i>^(/c) 

as a composition 

RTiDp,Sp;IC)[- j^nViSe, [j S^r,IC)[- 1 ^ 7^^(5,; /C)[- 1 ^ 7^^(P,,5,)[- +oo] 
V :f'&:f-\\^{£) V V V 

where the last arrow is the coboundary map for the couple {Sp, Dp), and the second one 
is evident. 
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This way we get a natural transormation 



Ue ■■ $F 



which will be called a canonical map. 
We define a variation map 



v^: $, 



$; 



$/ 



as follows. By definition, vf{lC) is the map dual to the composition 



D^f{K) ^^ $^(r'/C) 



nfiVK) 



^s{viq^^v<^em. 



(25) 



(26) 



3.12. Lemma. Suppose we have 4 facets A, Bi, B2, C such that A < Bi < C, A < B2 < 
C and dim A = dim Bi — 1 = dim C — 2 (see Fig. 2). Then 



and 



Ua' o u% 



vl' o < 



-U^A ° U% 



-v^'ovi. 



For a proof, see below, 3.13.2. 



C 




Fig. 2 

3.13. Cochain complexes. For each integer p, < p < N, and Ai G A^(A, 5^^) intro- 
duce vector spaces 

C^^(A; M) = ©^;dim^= , -M^ (27) 

For 2 > or 2 < -AT set Cj^(A; M) = I. 

Define operators 

- ,+00 

rf:C^P(A;A^) — >C^^ (A;7W) 
having components u^. 
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3.13.1. Lemma, rf^ = 0. 

Proof. Let us denote Xp := lJF:dimF=p-DF- We have Xp D Xp^i. Evident embeddings of 
couples {Dp,Sp) ^^ {Xp,Xp^i) induce maps 

Rr{Xp,Xp+i;M) -^ ©^;dim^= , nr(v^,Sr,M) 

V 

which are easily seen to be isomorphisms. Thus, we can identify C~^(A; Ai) with Rr{Xp, Xp+i; Ai). 
In these terms, d is a. boundary homomorphism for the triple Xp D Xp+i D Xp+2- After 
this description, the equality d^ = is a general fact from homological algebra. □ 



3.13.2. Proof of |3.12| . The above lemma is equivalent to the statement of |3.12| about 



maps M, which is thus proven. The claim for variation maps follows by duality. □ 

This way we get a complex C^{A]Ai) lying in degrees from — A^ to 0. It will be called 
the cochain complex of our arrangement 7i^ with coefficients in A4. 

3.14. Theorem, (i) A functor 

M^C'^{K-M) 
is an exact functor from M.{K] Sn) to the category of complexes of vector spaces, 
(a) We have a canonical natural isomorphism inV{{ U}) 

V 



Proof, (i) is obvious from the exactness of functors $i?, cf. Thm. p.9| . To prove (ii), let 
us consider the filtration 

A D Xk D Xj^ D . . . Xn D >^. 
It follows easily from homotopy argument (cf. p.l2|, p.l3| ) that the restriction 

RT{A;M) — >nT{Xr,M) 

is an isomorphism. On the other hand, a "Cousin" interpretation of C^{A]Ai) given in 
the proof of Lemma |3.13.1|, shows that one has a canonical isomorphism i?r(Xo; Ai) — ^ 



c:;^{A;M). □ 

4. Computations for standard sheaves 

4.1. Suppose we have a connected locally simply connected topological space X and a 
subspace Y (Z X such that each connected component of Y is simply connected. Recall 
that a groupoid is a category all of whose morphisms are isomorphisms. Let us define a 
Poincare groupoid 7ri(X; Y) as follows. 

We set Ob7ri(X;F) = 7ro(F). To define morphisms, let us choose a point yi on each 
connected component Yi C Y . By definition, for two connected components Yi and Yj, 
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the set of homomorphisms B.omT^^(^x,Y)0^i^^j) ^^ ^^^ ^^^ '^^ ^^^ homotopy classes of paths 
in X starting at i/i and ending at yj. 

A different choice of points yi gives a canonically isomorphic groupoid. If Y is reduced to 
one point we come back to a usual definition of the fundamental group. 

Given a local system £ on X, we may assign to it a "fiber" functor 

Fc:n,{X-Y)^V]\U, 

carrying Yi to the fiber C-^.. This way we get an equivalence of the category of local 
systems on X and the category of functors tti{X, Y) — > VIJU. 



4.2. Return to the situation of the previous section. It is known (cf. [[Bi]] ) that the 

o 

homology group ifi(A7^;Z) is a free abelian group with a basis consisting of classes of 
small loops around hyperplanes H eH. Consequently, for each map 

q-.n — ^ C* (28) 

there exists a one- dimensional local system C{q} whose monodromy around H E 7i is 
equal to q,{H). Such a local system is unique up to a non- unique isomorphism. 

Let us construct such a local system explicitely, using a language of the previous subsec- 
tion. 



4.3. From now on we fix a real equation for each H E 7i, i.e. a linear function fn : 
Ar — > M such that H^ = /~^(0). We will denote also by fn the induced function 

A — ^C. 

The hyperplane H^ divides Ajr into two halfspaces: Aj^jj = {-r^ G Air|Oh(^^) > i^} 

and A^^H = {^ G Ak|Oh(^) < ^}. 

Let F C H]^ be a facet of dimension N — 1. We have two chambers F± adjacent to F, 
where F± C A^ ^. Pick a point w E F. Let us choose a real afiine line /jr C Ajr transversal 
to H^ and passing through w. Let / denote its complexification. 

The function fn induces isomorphism I -^ C, and fj^-^iM.) fl < = <k. Let us pick a real 
e > such that two points /^^(±e) fl /r lie in F± respectively. Denote these points by 
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Let US denote by r+ (resp., r ) a counterclockwise (resp., clockwise) path in the upper 
(resp., lower) halfplane connecting e with — e. Let us denote 

This way we get two well-defined homotopy classes of paths connecting chambers F^ and 
F_. The argument arg fu increases by =p| along Tp. 

Note that if H' is any other hyperplane of our arrangement then arg Jh' gets no increase 
along Tp. 



4.4. Now suppose we have q as in (pSl) . Note that all connected components of A-^ j 



chambers of our arrangement — are contractible. Let us define a functor 

F(q2) : TT^{An,An,B.) — ^ VlJUc 

as follows. For each chamber C we set F(q^)(C) = C For each facet F of codimension 1 
which lies in a hyperplane H we set 

F(q2)(r^) = q(//)±i 

o 

It follows from the above remark on the structure of Hi^A-h) that we get a correctly 
defined functor. 

The corresponding abelian local system over A^^ will be denoted £(q^); it has a mon- 
odromy C{{H)'^ around if G 7i. If all numbers c[{H) belong to some subfield B G C then 
the same construction gives a local system of 5-vector spaces. 

4.5. From now on untill the end of this section we fix a map 

q-.n >B*, 

B being a subfield of C, and denote by C the local system of B- vector spaces >C(q^) 
constructed above. We denote by C~°° the dual local system £(q~^). 
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Let j : A-^ — > A denote an open embedding. For ? equal to one of the symbols !, * or !*, 
let us consider perverse sheaves C? := |?£[A/']. They belong to A1(A;iS->^); these sheaves 
will be called standard extensions oi C, or simply standard sheaves. Note that 

DCi = C°°; VC, = £r°° (29) 

We have a canonical map 

m : C\ — > £*, (30) 

and by definition £1* coincides with its image. 

Our aim in this section will be to compute explicitely the cochain complexes of standard 
sheaves. 

4.6. Orientations. Let F be a facet which is a connected component of a real edge Lp- 
Consider a linear space Lp = Ak/Lf. Let us define 

A^:=i7°(L^;OV^x), 

it is a free abelian group of rank 1. To choose an orientation of Lp (as a real vector 
space) is the same as to choose a basis vector in Xp- We will call an orientation of Lp a 
coorientation of F. 

We have an evident piecewise linear homeomorphism of Dp = [j Dp^c onto a closed disk 
in Lp] thus, a coorientation of F is the same as an orientation of Dp (as a C^- manifold); 
it defines orientations of all cells Dp^c- 

4.6.1. From now on untill the end of the section, let us fix coorientations of all facets. 
Suppose we have a pair E < F, dim E = dim F — 1. The cell Dp is a part of the 
boundary of Dp- Let us define the sign sgn(F, E) = ±1 as follows. Complete an orienting 
basis of De by a vector directed outside Dp] if we get the given orientation of Dp, set 
sgn{F,E) = 1, otherwise set sgn{F,E) = —1. 

4.7. Basis in ^p{C\)*. Let F be a facet of dimension p. We have by definition 
By Poincare duality, 

H''-f'{Dp, Sp u inH^ n Dpy,jxy = n'{v^ - {s^ un n^y, c-^) 

(recall that we have fixed an orientation of Dp). The space Dp — {Sp VJn Hk) is a disjoint 
union 

o 

Dp — {Sp U-H H^) = IJ Dp^c- 

CeCh(F) 

Consequently, 

H'^{Dp - {Sp Un H^y, C-^) = ®cecHr)'H'{Vr<c; C'^)- 
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By definition of £, we fiave canonical identifications H^{Dp^Ci 1^ °°) = B. We will denote 

o 

by c{C\)jr^c G $jc-(£)* the image of 1 G H^{Dp^c'i -C""") with respect to the embedding 

following from the above. 

Thus, classes c(£!)jf<c, C G Ch(J^), form a basis of ^fI-^i)*- 

4.8. Let us describe canonical maps for Ck li F < E, dim E = dim F + 1, let 
u* : ^f{C\)* — > $£-(£1)* denote the map dual to Up{C\). Let C be a chamber adjacent 
to F. Then 

r sgn(F,E)c(£!)£<c if^<C 
I otherwise 



u*{c{C 



\):f<c) 



(31) 



4.9. Basis in $f(£^,)*. We have isomorphisms 

Hence, the defined above basis {c(£r°°)jc-<c}cech(jc-) of $F('Cr°^ 
We will denote by {c(£*)jc-<c}cGCh(jc-) the dual basis of (^pi.^*) 



(32) 
gives a basis in ^f{,^*)- 



4.10. Example. Let us describe our chains explicitely in the simplest one-dimensional 
case, in the setup pl6| . We choose a natural orientation on Ar. A local system C = C(U.^) 
is uniquely determined by one nonzero complex number q. By definition, the upper (resp., 
lower) halfplane halfmonodromy from w_|_ to W- is equal to q (resp., q~^). 

4.10.1. Basis in ^p{C\)*. The space ^f{C\)* admits a basis consisting of two chains 
c± = c{C\)jr^£^ shown below, see Fig. 3(a). By definition, a homology class is represented 
by a cell together with a section of a local system £~°° over it. The section of £~°° over 
c+ (resp., c_) takes value 1 over w+ (resp., W-). 

Sr" 




Y 



Dc^ 



W- 



Dc~ 






Fig. 3 



(b) 
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4.10.2. Basis in $i?(£^,)*. Let us adopt notations of |378|, with IC = C, °°. It is easy to find 
the basis {Dc+, Dc^} of the dual space 



^p{CV°°)^n'{A,A>^,r,2*2,Bp 



n'^iA-{^+,^^},A>^,r,cy 



dual to {c{C °°)jF<£:_|_, J (£ °°)jc-<£-_}. Namely, Dc± is represented by the relative 1-chain 



with evident sections of £~°° over them, see Fig. 3(a). 

Next, one has to deform these chains to chains Dc± with their ends on Y, as in Fig. 3(b). 
Finally, one has to make a clockwise rotation of the picture by 7r/2. As a result, we arrive 
at the following two chains c^ forming a basis of $^7 (£*)*: 





c'_ 




r 




\ 


c_ 




c+ 


w_ 







Wa 



Fig. 4 
The section of £^°° over c^ (resp., c_) has value 1 at w+ (resp., w. 
It follows from this description that the natural map 

m : $i.(A)* ^ <^AQ* 
is given by the formulas 

m{c\) = c+ + gc_; m{c*_) = qc+ + c_ 



(33) 



(34) 



By definition, spaces $£;^(£?)* may be identified with fibers C^^ respectively, for both 
? =! and ? = *, and hence with B. Let us denote by c^^^ and c^^ the generators 
corresponding to 1 G 5. 

It follows from the above description that the canonical maps u* are given by the formulas 



u [c+) = c^+; u [c 



and 



u c. 



C^n+ - 9C^_; U {C_)= qC^^ - C^ 



(36) 
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Let US compute variation maps. To get them for the sheaf £1, we should by definition 
replace q by q~^ in (^) and take the conjugate map: 

v*{cyj^) = c+ + g"^c_; v*{cyj_) = -q'^c+ - c_ (37) 

To compute v* for £*, note that the basis in 

H\A, {^+, ^_}; Cvn* = ^oo(A, {^+, ^„,F}; C) 

dual to {c!j_, cl}, is {g~^c_, g~^c+} (^szc.^ where c± denote the chains defined in the same 
way as c±, with C replaced by C~°°. From this remark it follows that 

^*(c;j=g-V; v*{cl_) = -q-'cl (38) 

4.11. Let us return to the case of an arbitrary arrangement. Let us say that a hyperplane 
H E 7i separates two chambers C, C if they lie in different halfspaces with respect to H^. 
Let us define numbers 

q(C,C")=nq(^)' (39) 

the product over all hyperplanes H E H separating C and C In particular, q(C, C) = 1. 

4.12. Lemma. Let F be a face, C G Ch(-F). The canonical mapping 

is given by the formula 

m(c(i:,)^<c)= E q(C,C')J(/:!)^<c' (40) 

C'ech{j^) 



4.12.1. Since ^f{jC*) is dual to ^f{jCi), we may view ?n as a bilinear form on ^f{jCi)- 
By (^OD it is symmetric. 

Proof of lemma. We generalize the argument of the previous example. First consider the 
case of zero-dimensional F. Given a chain c(£r°°)jc-<c, the corresponding dual chain may 
be taken as 

Dcf<c = e ■ ^w®i- Ak, 
were e is a sufficiently small positive real. Next, to get the dual chain c(£=k)jc-<c, we should 
make a deformation similar to the above one, and a rotation by |. It is convenient to 
make the rotation first. After the rotation, we get a chain A^ — tH ■ ^^. The value of 
m(c(£=K)jc-<c) is given by the projection of this chain to Ar. 

The coefficient at c{C\)jr^Qi is given by the monodromy of Cr°° along the following path 
from C to C . First, go "down" from ^w to —ei ■ ^w] next, travel in A^ — ell ■ ^^ along 
the straight line from —ei ■ ^w to —ei ■'" w, and then go "up" to '" w. Each time we are 
passing under a hyperplane H^ separating C and C, we gain a factor q(i?). This gives 
desired coefficient for the case dim F = 0. 
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For an arbitrary F we use the same argument by considering the intersection of our picture 
with a transversal shce. □ 

4.13. Let Ehe a. facet which is a component of a real edge Le^,'-, as usually L will denote 
the complexification. Let Tic C 7i be a subset consisting of all hyperplanes containg 
L. If we assign to a chamber C G C\i{E) a unique chamber of the subarrangement Tic 
comtaining C, we get a bijection of C\i{E) with the set of all chambers of Tic- 

Let F < Ehe another facet. Each chamber C G Ch(F) is contained in a unique chamber 
of Tic- Taking into account a previous bijection, we get a mapping 

7r| : Ch(F) — ^ Ch(E) (41) 

4.14. Lemma. Let F he a facet, C G Ch(F). We have 

«*(c(A)^<c) = Esgn(^,^)q(C,vrf (C))J(/:,)^<,^.(C), (42) 

the summation over all facets E such that F < E and dim E = dim F + 1. 
(Signs sgn(F, E) have been defined in [4.6.1| .) 



Proof. Again, the crucial case is dim F = — the case of arbitrary dimension is treated 
using a transversal slice. So, let us suppose that F is zero-dimensional. In order to 
compute the coefficient of u*{c{C^:)jr^c) at c(£*)£-<c' where E is a one-dimensional facet 
adjacent to F and C G Ch.{E), we have to do the following. 

Consider the intersection of a real affine subspace Ajj — e ■ D ■ "^^ (as in the proof of the 
previous lemma) with a complex hyperplane Me passing through ^w and transversal to 
E. The intersection will be homotopic to a certain chain c(£*)£:<c" where C" is easily 
seen to be equal to 7rg(C), and the coefficient is obtained by the same rule as described in 
the previous proof. The sign will appear in accordance with compatibility of orientations 
of Dp and De- □ 

4.15. Let us collect our results. Let us denote by {6(£?):F<c}ceCh(jc-) the basis in $i?(£?) 
dual to {c(£7)jc-<c}, where ? =! or *. 

4.16. Theorem, (i) The complex C^{A; C\) is described as follows. For each p, 0<p< 
N, the space C^^{A;C\) admits a basis consisting of all cochains b{C\)jr^Q where F runs 
through all facets ofHm. of dimension p , and C through Ch(F). The differential 



- ,+oo 

d : C^^(A; £,) — > C^^ (A; £,) 



is given by the formula 



d{h{U)E<c)= E sgn(E, F)6(L!)ij<c (43) 

E:E<F, dim E=dim F-1 
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(ii) The complex C^{A] C^) is described as follows. For each p, < p < N, the space 
C^^(A;£^,) admits a basis consisting of all cochains h{C^)jr^Q where F runs through all 
facets of ?i]R of dimension p, and C through Ch(F) . The differential 

- ,+oo 

d : C^P(A; A) -^ C^^ (A; £,) 
is given by the formula 

d(h{L,)F<c) = E sgn(i?, F)ci{C, C')b{U)E<c', (44) 

the summation over all facets E < F such that dim E = dim F — 1 and all chambers 
C e Ch{E) such that vrf (C) = C. 

(Hi) The natural map of complexes 

m : C'^{K- a) ^ C'j^{K- C) (45) 

induced by the canonical map C\ — > £*, is given by the formula 

m{h{C.):r<c)= E q(C,C') L(/:*)^<c' (46) 

c'eCh(:F) 

All statements have already been proven. 

4.16.1. Corollary. The complexes C^{K\C\) and C^{A; C^,) described explicitely in the 
above theorem, compute the relative cohomology if* (A, t^EI; £) and the cohomology of 

o 

the open stratum H*{A,C) respectively, and the map m induces the canonical map in 
cohomology. 

Proof. This follows immediately from |3.14 n 

This corollary was proven in [|V|, Sec. 2, by a different argument. 

4.17. Theorem. The complex C^{A; C\j,) is canonically isomorphic to the image of (|7^j. 

Proof. This follows from the previous theorem and the exactness of the functor A4 i-^ 
C^(A;7W), cf. Thm. p7H|(i). D 

The above description of cohomology is analogous to ||S V|] , p. I, whose results may be 



considered as a " quasiclassical" version of the above computations. 
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